Abstract-A non-resonant microwave method has been proposed for accurate complex permittivity determination of low-loss materials. The method uses two measurement data of the magnitude of transmission properties of the sample. While the first datum must correspond to a frequency point resulting in a maximum magnitude of transmission properties, the other can be any datum at a frequency different than the first datum and not far distant from the first datum. Two closed-from expressions are derived for a good initial guess using the above data. The limitations of each expression are discussed. The method has been validated by transmission measurements at X-band (8.2-12.4 GHz) of a low-loss sample located into a waveguide sample holder.
INTRODUCTION
Various microwave techniques have been proposed to characterize the electrical properties of materials with consideration of the frequency range, required measurement accuracy, sample size, state of the material (liquid, solid, powder and so forth), destructiveness and nondestructiveness, contacting and non-contacting, etc. .
Transmission-reflection non-resonant methods have extensively been employed for relative complex permittivity (ε r ) measurements of completely-loaded low-, medium-, and high-loss (solid, liquid, or granular) dielectric materials using calibration-dependent measurements [4- However, it is not applicable to low-loss materials. Besides, the method in [53] exploits the oscillatory behavior of the magnitude of S 21 measurements over a frequency band and determines unique ε r using measurements at frequencies resulting in extreme values of the magnitude of S 21 . Although this technique is attractive and applicable to low-loss samples, it is not appropriate for thin samples with lower dielectric constants, which will be discussed in Section 2.2.1 of the manuscript. In this research paper, we propose a simple method for unique ε r measurement of low-loss thin or thick samples with lower or higher dielectric constants using magnitude measurements of S 21 at two frequencies.
THE METHOD

Background
The problem for ε r determination of a dielectric low-loss sample using waveguide measurements is shown in Fig. 1 . Between calibration planes, CP1 and CP2 in Fig. 1 , S 21 can be expressed as [55] 
where L is the sample length; |S 21 | and θ 21 are the magnitude and phase of S 21 ; and γ and γ 0 are, respectively, propagation constants of the sample-and air-filled sections, which are given as
In (2), k 0 , f c , and f are, respectively, the free-space wave number (assumed as the wave number of light in vacuum) and cut-off and Figure 1 . Measurement of complex permittivity of a sample completely filling a waveguide section between calibration planes (CP1 and CP2). operating frequencies. It is assumed that the length between the calibration planes is known (transmission measurements are not dependent on the position inside the calibration planes for a uniform and non-dispersive sample holder).
The presence of exponential terms in (1) simply produces multiple ε r solutions for a measured S 21 at one frequency [44, 47, 48] . In this paper, our aim is to find a good and accurate initial guess for ε r determination using two measurements of |S 21 | at two different frequencies.
Derivation of Two Expressions for a Good Estimation of Permittivity
In this subsection, we present closed-form expressions for a good initial guess for ε r of low-loss dielectric materials using |S 21 | measurements at two different frequencies. To this end, for simplifying the analysis, we introduce the following new variables into (1)
We, then, obtain |S 21 | as [47, 48 ]
where
At this point, it is instructive to discuss any possible solution of ε r using (5)- (8) . It is seen from (5) that it seems possible to determine a unique ε r using two independent |S 21 | measurements [either using measurements of one thicker (greater than one-quarter wavelength) low-loss sample at two independent frequencies or using two identical thicker low-loss samples with different lengths at one frequency], since we have two degrees of freedom as ε r and ε r . However, it was not yet possible to measure a unique ε r using two independent |S 21 | measurements at one frequency as a consequence of the presence of periodic functions (trigonometric terms in (6)) [44, 48] . In this research paper, we demonstrate that it is possible to obtain a unique ε r using measurements of one thicker low-loss sample at two different frequencies if one of which corresponds to a Fabry-Pérot frequency (integer multiples of one-half wavelength in the sample). We, next, consider any simplification of the expressions in (6)-(8) at Fabry-Pérot frequencies. We illustrated that, at those frequencies and assuming a passive low-loss sample, |S 21 | attains its maximum value (minimum value of the magnitude of S 11 ) and cos(A) and sin(A) in (6) can be approximated as
Substituting these expressions into (6) and rearranging (5), we find
where |S 21 | max denotes the value (maximum) of |S 21 | at any FabryPérot frequency. We note that, using the approximate expressions for cos(A) and sin(A), we avoid multiple-solutions arising as a consequence of periodicity. This circumstance is very similar to those at which trigonometric functions are linearized for thinner low-loss samples [51] or for thicker (or thinner) lossy samples [43] . It is obvious from (10) that, at any Fabry-Pérot frequency, it is possible to express χ in terms of ξ. In a similar manner, for low-loss samples where ε r ε r , we can consider ξ 2 1 and obtain B in terms of χ. Using these two approaches, in the following subsection, we present closed-form expressions for a good initial guess of ε r using another |S 21 | measurement at a frequency different than the FabryPérot frequency.
Derivation of First Expression for Initial Guess
Here, we will give a closed-form expression for the estimate of ε r by obtaining χ in terms of ξ from (10) . Doing this leads to
The four roots of χ in (11) can be found using either closed-form formulae [40] or "roots" function of MATLAB, which simply finds the eigen values of a matrix consisting of Λ 1 , Λ 2 , Λ 3 , Λ 4 , and Λ 5 . After some trial and error, we note that only one of the roots of χ is a valid result provided that χ is real [44] and χ > κ for ε r > 1. The latter condition can be directly seen from (3) and (4), if one lets ε r > 1. After obtaining χ in terms of ξ from (11), we can find a good initial estimate for ε r using another |S 21 | measurement at a frequency different than the Fabry-Pérot frequency already employed in the derivation of χ from (11) . Assuming that ε r does not much change (or slightly change) with frequency, we are at liberty choosing the second frequency. This frequency can even be another Fabry-Pérot frequency [53] . However, the rate of change of A in (4) Fig. 2 demonstrates the dependence of |S 21 | of two thin polytetrafluoro-ethylene (PTFE) samples (1 mm and 2 mm in length) over a broadband (for simplicity, it is assumed that f c → 0). The ε r of the PTFE sample is assumed ε r = 2.05 − j10 −4 [56] . It is seen form Fig. 2 that the frequency range for the validity of the assumption used in [53] that the ε r of the sample does not change over two subsequent frequency points that yield extreme values of |S 21 | is too wide. For those circumstances, higher-order approximations should be employed [43, 48] . The degree of approximation largely depends on electrical properties of materials. In this research paper, instead, we will choose the second frequency close to the Fabry-Pérot frequency to apply the zero-order approximation [43, 48] . In this way, there is no need to consider the degree of approximation for ε r for a possible change with frequency, and the expressions for the initial estimate for Figure 2 . Dependence of the magnitude of transmission scattering parameter of two thin PTFE samples over a broad frequency band. ε r become simpler.
Assuming ε r (and, in turn χ and ξ) does not much change over the selected two frequencies (one is Fabry-Pérot frequency) provided that we measure two distinct values of S 21 at those frequencies, we can substitute the found χ from (11) at Fabry-Pérot frequency into (5), use |S 21 | datum at the second frequency, and finally determine ξ. It seems that, using this procedure, it is possible to obtain one ξ. However, our analysis demonstrates that this is not the case. This circumstance arises since we still need to use trigonometric functions (cos(A) and sin(A)) in (5) at the second frequency. Nonetheless, we succeed in obtaining a unique solution for ξ (and thus χ) using the expression in (9) . It is apparent from (9) that It is seen from Fig. 3 that F 1 (ξ cal ) intersects the zero abscissa at multiple points (multiple-solutions) which shows that unique ξ solution is not possible using just F 1 (ξ cal ). On the other hand, 2 (ξ cal ) intersects the zero abscissa at one point for a given n. Using the common (or very close) intersections of F 1 (ξ cal ) and F 2 (ξ cal ), we determine ξ cal ∼ = 2.831 × 10 −3 and then ε r ∼ = 3.508 − j0.001, which is very close to the simulated datum (ε r = 3.5 − j0.001). It is noted that, for various n values, F 2 (ξ cal ) intersects the zero abscissa at different unique points. However, n values different than n = 5 do not yield common intersections for F 1 (ξ cal ) = 0 and F 2 (ξ cal ) = 0. To verify our closed-form expressions for a good initial estimate for ε r , we also performed other numerical simulations and noted that our closed-form expressions output a good and unique initial guess for ε r .
Derivation of Second Expression for Initial Guess
Although we have validated our first closed-form expressions using the simulated data, we noted that F 1 (ξ cal ) significantly changes with ξ cal , which is extremely a small value as can be seen from Fig. 3 . Consequently, a misleading initial estimate may occur if there is some noise in measurements. To eliminate this drawback, in this paper, we propose another closed-form expression for an initial guess for ε r based on χ. To demonstrate this, we first presume that ξ 1 (which is a very good approximation for low-loss samples, since the imaginary part of j[ε r − (f c /f ) 2 ] is taken as ξ) and simplify the expressions in (5)- (8) assuming that |S 21 | corresponds to its maximum value (|S 21 | datum at any Fabry-Pérot frequency). Then, we find an expression for B as
where cos(A) ∼ = 1, sin(A) ∼ = 0, and
It is noted that only the negative sign before the square root in (17) is valid for B, since Ω 1 > 0 and Ω 3 > 0 and 0 < B < 1 for ξ 1. After obtaining a unique B and ξ in terms of χ from (17), we can substitute them into (5) and determine χ using |S 21 | at a second frequency by considering the frequency selection criterion discussed above. For example, Fig. 4 demonstrates the dependence of F 3 (χ cal ) = |S sim 21 | − |S cal 21 | = 0 over χ cal for various values of n using the same simulated data used in validation of the first expression for the initial estimate of ε r in previous subsection. It is seen from Fig. 4 possible for the second closed-form expressions. It is noted that, for the dependence in Fig. 4 , we already used the constrain in (16) in (17)- (19) and (5). We also note that χ cal values corresponding to n = 1 and n = 2 values cannot be valid since, for these values, χ cal < κ.
MEASUREMENTS
A general purpose X-band waveguide measurement set-up is used for validation of the proposed method (f c ∼ = 6.555 GHz) [48] . An HP8720C VNA connected as a source and measurement equipment. For validation of the proposed method, we use the measurement data of an 76.28 mm long PTFE sample [48] . We note that we used the measurements of this long PTFE sample because we need to observe either maximum (or minimum) values of |S 21 | over a short frequency band (9.7-11.7 GHz). To apply our method, first the maximum of |S 21 | is found. Using our measured data, we recorded two maximum S 21 values at f 1(1) ∼ = 10.118 GHz and f 1(2) ∼ = 11.355 GHz over 9.7-11.7 GHz range. Then, using the measurement datum at f 1(1) (or f 1 (2) ) and that at another frequency (f 2 = 11.5 GHz), we determined the initial guess for the PTFE sample using our two closed-form expressions. By applying our first expression in Section 2.2.1, we found ε r ∼ = 2.064 − j0.049, while using our second expression in Section 2.2.2, we obtained ε r ∼ = 2.072. Both of these initial guesses are very close to the reference data for the PTFE sample in the literature [56] (at 10 GHz, the ε r of the PTFE sample given by von Hippel is 2.08 − j0.00076). To compare the accuracy of our closedform expressions with that in [53] , we also obtained an initial guess for the PTFE sample using f 1(1) and f 1 (2) . We found ε r ∼ = 2.064−j0.270 as Figure 5 . Measured complex permittivity of a PTFE sample using our method and that in [39] .
an initial guess from the procedure in [53] . It is seen from these results that our first closed-form expression is much better in estimating the loss tangent of low-loss samples than that in [53] , while the second closed-form expression assures the correctness of the first initial guess and is in charge as a feedback.
Using our estimated ε r ∼ = 2.064 − j0.049 at f 1(1) as an initial guess throughout the frequency band, we measured the ε r of the PTFE sample over 9.7-11.7 GHz, as shown in Fig. 5 . In order to compare the result of the proposed method, we also measured the ε r of the PTFE sample by the method in [39] . It is seen from Fig. 5 that the results obtained from both methods are in good agreement with each other and the data available in the literature [56] .
CONCLUSION
A non-resonant microwave method has been proposed for accurate complex permittivity determination of low-loss materials from measured magnitude of transmission S-parameter over a broadband. In the derivation of the expressions for a unique initial guess for the permittivity, we use less approximation for increasing the accuracy of the guess. The method eliminates the drawbacks of another similar method in the literature by using two measurement data at frequencies not very distant. 
